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VARIANTS OF THE MAXIMAL
DOUBLE HILBERT TRANSFORM

BY
ELENA PRESTINI

ABSTRACT. We prove the boundedness on Lp(T?), 1 < p < 0o, of two vari-
ants of the double Hilbert transform and maximal double Hilbert transform.
They have an application to a problem of almost everywhere convergence of
double Fourier series.

Introduction. In this paper we study two variants of the double Hilbert trans-
form

Df(z,y) = / / 1/z'y' f(z -2,y — y') de’ dy’
ly'|<m 2| <

and maximal double Hilbert transform

/ / /'y f(z — ',y —y')dz’ dy’
s<ly'|<me<|z!|<n

which are, roughly speaking, of the following kind. First we consider

Hif(z,y) = / / /2"y f(z — 2’y — y') da’ dy’
(z',y')EA

Df(z,y) = Sup

and
H f(z,y) = S;lpo // @yyea VTVf@—2y—y)dd dy
0> &[>y |>5
where A C {(z',y'): |2'| < 7, |y'| < 7} = T? is a fixed region symmetrical with
respect to the axes z’ and y’ but, except for this natural requirement, quite general.

(The cut-off of the kernel 1/z'y’, given by xa(z’,y'), is actually smoothly done. See
§2 for the exact definition.) Secondly, we consider

Haf(z,y) = / / /2"y f(z — o',y — y') dz’ dy’
(z',y')EA:
and
] _ 1,0 P A ’og
Hf(z,y) = §gg //x,,y/)e,h /2’y f(z -2’y —y')ds' dy'|,
ly'|>6
where, for every z, the domain of integration A, is symmetrical with respect to the
axes and otherwise is quite general.
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We shall prove that H;, H,, Ho, H, are bounded operators from L (T2) to itself,
1 < p < oo. Moreover, we shall give a pointwise estimate from above of Hy and H,

similar to the known one concerning D (see [6, p. 218]). Namely, we are going to
prove that

@ Ay <elMoMyf(@y) + MoHy f(zy)
+ My'f{z’f(xa y) + MI'My'(Hlf)(xa y)},
(2) fIZf(x’y) S C{My’ﬁx'f(za y) + My(Hzf(fC,?))(y)}

where M,/ is the Hardy-Littlewood maximal function acting on the =’ variable, H
denotes a variant of the maximal Hilbert transform (see §1). These results apply
to a problem of almost everywhere convergence of double Fourier series (5], where
it appears that H; and H, play the same central role that the maximal Hilbert
transform plays in the proof of a.e. convergence of Fourier series of one variable [1,
2, 4].

Let us observe that H; and f{l fall under the scope of Theorems 2 and 4 of
[3]. The proof given in [3] of Theorem 4 uses complex interpolation and it is
quite technical. Ours involves only elementary estimates; moreover, we are able to
control Hy from above by proving (1). This is most important for the mentioned
application and it is not proved in [3].

The paper is structured as follows. In §1 we are concerned with the one-
dimensional case and with the maximal Carleson operator. In §§2 and 3, respec-
tively, we study H;,H; and Hs,H;. In §4 we consider an even more general
operator I~13 (where the Sup is taken over all regions). We give a counterexample
to show that Hs is not a bounded operator. This sets a halt to our generalisations
of the maximal double Hilbert transform. Finaly, in §5 we say some more about
the application we mentioned.

By ¢ we denote a constant not necessarily the same in all instances.

1. The one-dimensional case. There exists a C* function ¢(z’) supported
on {|z’| < 27} such that if we write ¢x(z') = 2¥@(2*2’), then 1/2' = Y 22 di(z')
for |z'| < m. Let J be a fixed subset of the nonnegative integers N and let us

consider the operators
f(z,y) / Z o (') f(z — ') do’
keJ

and

Hf(z) = Su / f(z —2')d’
S0 =3m1] 2 it ==)
k<K
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H is clearly a variant of the maximal Hilbert transform. We have

LEMMA 1. H and H are bounded operatois on Ly(T), 1 < p < 00, with norm
independent of J. Moreover, the following inequality holds:

(3) Hf(z) < {Mf(z) + M(HS)(z)}.

REMARK. This is exactly Lemma 3 of [2]. We are going to prove it for the
reader’s convenience and for an inaccuracy that appears in [2]. Namely, one needs
to use a smooth cut-off function like the following 6(z') rather than a sharp one.

PROOF. Clearly, ¢ has the following properties:

i ¢A(0) =

2 l6(&)] < cam/|€|M for |€] > 1 and for any integer M > 0,

3. 16(§)| < cl¢] for |¢] < 1.
Slnce ¢k(§) is mainly supported on |£| ~ 2, we have that

oo

(a) Ime (&)=Y de(é)| < E: k(& <c
keJ k=0
k<K

independently of J and K. We have my(§) = EkeJ,ksK‘Z’k(E)’ where (') =
7'¢(z') and Pi(z') = 2%2'p(2%2') = (2k2’). Now ¢(z') is C*°, compactly sup-
ported and, moreover,

4. [1h(&)| < c for every ¢,
5. [9(&)| < em/I€|M for |€] > 1 and for any integer M > 0.
Therefore, for any dyadic interval I C R we have that

oo
(b) [mic@lae < [ Y- ue)lae <.
I I'k=o
By the Marcinkiewicz multiplier theorem, the operator

Hkf(x /Zqﬁk(z)fz—z)dz
keJ
k<K

is bounded on L, with norm independent of K. By a standard argument there
exists limg .o Hx f(z) = Hf(z) in L, norm and ||H f|l, < ¢l fllp, 1 < p < 00.

Now let §(z') be a positive C® functlon supported on {|z’| < 1} and such that
f 6(z') dz’ = 1. To prove equation (3) we are going to show that

3 (@) — 0k x 3 k(a)| < 27K /(@)% + 272K,
licglJ( keJ

where 0k (') = 250(252’). If |2/ < 1002% then || 3¢ ; p< k Dk(2') [0 < 2K and

< |0k - D de(€)

keJ

< cllfk|ls < c2K.

O+ > ¢k(-"3')

keJ
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If, instead, |z'| > 1002%, then Y-, ; @k(¢') = Y icji<k Pk(z’), and so for a
suitable Z = Z(z”") we have that -

S aele!) = 0x+ 3 0u(@)] =| [ T (6u(e") - (e’ = ")xcla") "

keJ keJ keJ

k<K k<K
/ S 164(8)127KOxe (2" da” < 27K /().

keJ

k<K

Hence the claim is proved. Now if we write Pk (z') = 275 /(z')? + 272K we have
that

Dt f(z) <C{SUP Ok * Y ¢x* f(z) +SuP|PK*f(I)|}
ek i
< c{M(Hf)(z) + Mf(z)}.

Therefore the lemma is proved.
The following are called Carleson operator and Carleson maximal operator:

crw) = [ " exp(iN(2)2') /7' f(z — ') de’,

-7

Cf(z) = Sup

e>0

/e<| B exp(tN(z)z')/z' f(z — 2') dz’,

where N(z) is any measurable bounded integer valued function. We have

PROPOSITION 1. The operators C and C are bounded from L,(T) to itself,
1 < p < oo, with norm independent of N(z). Moreover, the following inequality

holds: Cf(z) < c{Mf(z) + M(Cf)(z)}.

PROOF. Cf(z) is pointwise dominated by the maximal partial sums opera-
tor Sup,, | f| o <n exp(inz’)/z' f(z — 2') dz’| (also called Carleson operator) whose
boundedness has been proved in [4]. As for Cf (z) one might go through Carle-
son and Hunt’s proof and see that it shows that C is also bounded, or observe that
(see [6, p. 218])

Cf(z) < €>%lilpez /<I . e 2/ f(z — 2') dz’
<c {Shlp{M(ei”'f(a;’))(x) +M ( /I » e Jo" f(z' — 2" dz” ) (:c)}}
< o{Mf(z) + M(CS)(z)}-

This proves the desired inequality and concludes the proof.
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2. The first variant: H;. Let B C N x N. We consider the operator
Hifwn)= [[ @0~y ) ' dy

We have the following

THEOREM 1. H; is a bounded operator on L,(T?), 1 < p < oo, with norm
independent of B.

PROOF. Since ¢ (£)@n(n) is mainly supported on {|¢| ~ 2%, || ~ 2"}, as in
Lemma 1, one can show by the Marcinkiewicz multiplier theorem that the operator

Bl = [ a0~y - v) o' dy
(k,h)EB
k<ko,h<ho
is bounded on L, with norm independent of ko, hg and B. By a standard argument
one can show that there exists limiy—o0,ho—oc0 Hiyho f (€, y) = H1 f(z,y) in L, norm
by checking it on a dense subset of functions f. It suffices to consider f(2/,y') =
f1(z") f2(y'), fi smooth. Then H; is bounded on L,,.
Now we have

THEOREM 2. Let J, and Jo be subsets of N. Let B C J; X J3 be a collection
of pairs (k,h) such that:

(i) For every k the section By = {h € Jy: (k,h) € B} 1is a truncation of J2
possibly depending upon k.

(ii) For every h the section By = {k € Jy: (k,h) € B} is a truncation of J,
possibly depending upon h.

Then the operator

Hf(z3) = Sup // S o)) -7y — o) dol dyf

(k,h)eB
k<ko,h<ho

18 boundgd from Lp(T?), 1 < p < 00, to itself with norm independent of B. More-
over, if H s defined as in the preceding section the following inequality holds:

ﬁlf(x) y) < C{MI'My’f(xa y) + Mx’ily'f(xa y)
+ My’Hz’f(xa y) + Mz'My'(Hlf)(x’ y)}
PROOF. We consider the convolution kernel

Gkoho (x,’yl) = Z ¢k($/)¢h(y ) oko (zl)oho (y Z ¢k I)¢h

(k,h)eB (k,h)eB
k<ko,h<ho

(4)

We claim that |Gk,n, * f(z,y)| is dominated by the right-hand side of (4). To prove
it we shall subdivide 72 into four regions R;, i = 1,...,4, and define G}, , (z',y') =
Groho(Z',¥')XR:(2',y'). The first region is defined as R; = {|z'| < 1002 ko |yl <
1002770}, Now |G}, (¢/,9')] < c2¥92ho as in the proof of Lemma 1. Hence
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IGhono * f(z,y)| < cMy My f(z,y). The second region is defined as R, = {|z'| <
1002~ %o, |y/| > 1002750 }. We have that

ko
|Gioh0 * f(z,y)] < C2k°X{|x'|§1002-ko}(»’C/) Z E on(y') * f(z,y)

’C:ko - 1g200 he Bk
h<ho

+ C2k02h°X{|ac'|g1002—'=o 3 ()X {1y 1<1002-103 (%)

£ D dk(a)en(y) * f(z,y)

(k h)eB
< C{Mz’gy’f(x, y) + MI’My’(Hlf)(zvy)}‘

Similarly we define R3 = {|z’| > 10027 %0 |y/| < 1002~"°} and we obtain
inoho * f(l',y)| < C{My'f{it’f(xv y) + MI'My’(Hlf)(z’ y)}

We are left with Ry = {|z’| > 10027 %0, |y’| > 1002~h0}. Now

Ghono (@ 0)] = Bkobho * D> de(@)n() = D, k()n()

(k,h)eB (k,h)EB
k<ko,h<ho k<ko,h<ho
-1/ / brle’ — 2"on(Y — ") — d(z)on(¥)
(k, h)eB
k<ko,h<hg
X eko (xll)aho (yll) d13” dyll
<\f/ (e’ — "M on(y’ — ¥") — En(y)}
(k, h)eB
k<ko,h<hg

% ako (zn)eho (y//) dz" dy"

/ / S Oh) k(@ — ) — Bk(2) 0y (2o (v") di” dy”
(k,h)eB
k<ko,h<ho

= étoho (z,’ y,) + Z;'.2()’1.0 (z,? y,)
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We observe that

(Ghono (@) = / D k(@' —2") = u(@)}bko (") D du(y)de”|.

k<ko hEBy
h<hg
Hence
Iﬁtoho * f(z,y)| < / Z (/ |k (2 — ") — bk () |0k, (=) d:l:")
k<ko
Sw|[ ¥ 6@y -) | ao
ho hEBy
h<ho

< C/Pko (@) Hy f(z - o', y)|de’ < My Hy f(z,y).
Now we write

Gl (' y) = // S (ol — ") - Sn)HER( — ) — e}
kg;;:)heSBho

+Oo (2")0n (y") dz” dy”
+ / / Y {on(y —¥") — n(Y)}0k(2")Bko (c")0ho (y") da” dy”

(k,h)eB
k<kg,h<hg

= ézoho (x,’ y,) + étoho (x,’ y,)'
We start by studying
Chano@ ) < [[ T 1650 =) — 6 (4)l0hols")
h<ho

X Z |¢k($l _ :z:”) _ ¢k(xl)|0ko (zu) dz" dy”.

k<kqo

Therefore, |Gf 1, * f(2,9)] < cPay (') - Pro(2') * f(z,y) < Mo My f(2,y).
We are left to study the action of

Gt p (&0) = / S — 1) — S @)Mhe(”) 3 ey
Kk

Now

(Ghono * F(@, )] < cPro(6) Sup| 3 dule!) » f{ (29) < My Hor (2, ).

o k€By,
k<ko
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So the claim has been proved. Now observe that

/ / > @)y (e -2y —y)de' dy
(k,h)eB
k<ko,h<ho

< leoho * f(il?, y)l + oko (z/)aho (y/) * Z ¢k(xl)¢h(y/) * f(xa y) .

(k,h)EB
The last term is dominated by ¢cM, My (H;f)(z,y). This ends the proof.

3. The second variant: H,. For every z let B, be a fixed subset of N x N
with the following property:

(ii’) for every h there exists an integer r(z, k) such that B, = {k € N: (k,h) €
B.} ={k>r(z,h)}.

We consider the operator

Hi@y) = [[ 5 oo @2y -v)de dy.
(k,h)EB;
The following theorem holds.

THEOREM 3. In the assumption (ii') there exists a constant c, depending only
upon p such that |Haf|lp, < cpllfllp, 1 < p < 0.

PROOF. We are going to prove that the operator
Bl = [ a)one)f -2,y -v)ds
(k,h)€B,
k<ko,h<ho

that for simplicity we also denote by Hjf(z,y), is bounded on L, with bound
depending only upon p. For this purpose it is erough to consider those f which are
smooth. The proof is based on (a) and (b) of §1. Let us denote by S the classical
S-function acting on functions of one variable, the variable y in our case. By the
Littlewood-Paley theorem we know that for a.e. z fixed

1/2
(Z |S;Hy f (z, y)l2>
J Lp(dy)

We raise this relation to the pth power and integrate it with respect to z, obtaining

1/2
(Z ISJHzf(z,y)P)
J

Therefore to prove the boundedness of H, it suffices to prove that

1/2
(Z SJH2f($,y)|2>
7

~ | Ha f (2, 9)l 5 (ay)-

p

~ ||H2f(xa y)”z[’,,,(dyda:) :

L, (dydzx)

< cpll fllp-
L, (dydz)

o |
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Let n denote the dual variable of y. In estimating the left-hand side of (5) we
consider the dyadic intervals J of each half line separately. Assume from now on
that J belongs to {# > 0}. For a.e. z fixed we have that

SHaf(e9) = [ Y daln) Y aule)+ fla)n)dn

h<ho k>r(z,h)
/ iny E {/ ¢h) (t)dt+¢h 2h } Z Pr(z’) * f(-"’ n)dn
h<ho k>r(z,h)
= 31)H2f(a;,y)+S§2)H2f($,y)‘

Let J = [25, 2ﬁ+1), h E 0. By exchanging the order of integration we have

6) ISP Haf(zy)l < 3 18n@M) | D0 k(@) * Ssf(z,y)| < cHSsf(z,y).

h<hg k>r(z,h)
Next we turn to
23+1
SPEfe) = [ SO [ e 5 e famdn a
J h<ho t k>r(z,h)

Now for every ¢ € J let us denote by S; the multiplier transformation corresponding
to the interval [t,2"*!). Using the relation S;S; = S;, Schwarz inequality and (b)
we obtain that

Y k(@) * S f(x,y)] dt

k2r(z,h)

W f(r 50 ) (1))
SO Hy f(z,9)] < /J Il

1/2
<e ( | T ol 1788016, y)l"’dt) :
Jh

If we write dy(t) = 3, |#n(t)|dt and we use Theorem 4” on p. 103 of [7], the
Littlewood-Paley theorem, Theorem 1 of [9] and Proposition 2 of [10] we obtain

1/2
(Z 1SV H, f(z, y)P)

J

p

Ly (dy dz)
1/2||P

(1) <ec

</0+oo |H 8,8 f(z,y)[? dﬁ(t))

Ly(dy dz)
p

< cpllf2ll5-
Lp(dydzx)

1/2
(z lstw,ynz)
J
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Now we observe that

1/2]||P
(E |SsH2 f(z, y)|2)
7

L,(dydz)
1/2
< (Z 1SS H, f(z, y>|2> + (E ISP Hy f(z, y)|2>
J J

Now if we use (6) and (7) we obtain (5). So we proved that the operators HZ )
are uniformly bounded on L, 1 < p < co. Then to show that there exists

lim HE . f(z,y) = Haf (z,y)

ko,ho—o0

1/2||P

Lp(dydz)

in L, norm it is enough to apply Hl%oho to f(z',y') = fi(z')f2(y') where f; are
smooth. Finally one can prove that Hs is bounded on L,.
Then we consider the operator

Hyf(z,y) = Sup // Y. @)kl f(z -2y —y)dzdy|.
T gn

We have

THEOREM 4. If (ii') us satisfied then there exists a constant c, depending only
upon p such that |Haf||, < cpll fllp, 1 < p < 00. Moreover, the following inequality

holds: 5 .
H2f(zry) < C{My’Hz’f(za y) + My(Hgf(iB,:l_/))(y)}

PROOF. We observe that in the formula defining H» f(z, y), once the convolution
on the z’ variable has been performed, the operator acting on the y’ variable is a
constant coefficients singular integral. Hence proceeding as in the proof of Theorem
2 one can show the stated inequality. As a consequence Hj is bounded on L,.

4. A counterexample. It would be useful for the applications to be able to
use the operator

Hsf(z,y) = Sup
B

// > on¥)ek(=)f(z - 'y —y')da’ dy'|

(k,h)eB

with B an arbitrary subset of N x N. Unfortunately such an operator is unbounded
even on L, as it is shown by the following counterexample which has been pointed
out to us by C. Fefferman. Consider the operator

Kf(z)= Y ¢+ f(2)-

kEB;

We are going to show how to define B, such that K f(x) = oo at every z for a
suitable f belonging to La(T). Let f ~ Y oo ;{exp(tAnz)}/n, where the A,’s are
sparse, for instance A, = 22". Observe that ¢, = f(z) = co{exp(iAnz)}/n+0(27"),
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where co = dx, (An) = #(1) # 0 as we may assume. Let us subdivide {#: 0 < § <

27} into four disjoint quadrants @, .. ., Q4, where @; = {#: —7/4 < 0 < w/4}. For
every = fixed there exists at least one of the @Q;’s say @;, which contains infinitely
many .z, n = 1,2,..., and such that 3, o 1/n = oco. Define B, = {k =
An: AnZ € @Q1}. We have that |Re(exp(tkz))| or |Im(exp(ikz))| > c for every
k € By. S0 | Y yep, 9k * f(z)| = oo

5. An application. These results have an application to the study of the
operator

Tf(z,y) = / / expli(N(z,9)2’ + N¥(z,9)y')}/a'y' f(z — oy — o) do’ dyf,

where N(z,y) is a measurable bounded integer valued function. Tf(z,y) is the
maximal partial sums operator Supy |Sn N2 f(2,y)|, where

Svnaf(Ty) = Y. anm-exp{i(nz +my)}.
Inl<N
|m|<N?

To prove a.e. convergence of Sy nzf(z,y) one looks for an estimate of T f(z,y)
which does not depend upon N(z,y). In [5] we proved a uniform estimate in L, of
Tf(z,y) for N(z,y) = [Azy], A > 1010, using Theorems 1 and 2. Moreover, we gave
an example of a family of functions N(z,y) which cannot be handled by Theorems
1 and 2 and which leads instead to Hz and H,. Let us finally observe that the
boundedness of H; and H; is enough for the estimate of pairs of norm 1 while (1)
and (2) are needed for the estimate of pairs of norm smaller than 1.

REFERENCES

1. L. Carleson, On the convergence and growth of partial sums of Fourier series, Acta Math. 116
(1966), 135-157.

2. C. Fefferman, Pointuise convergence of Fourier series, Ann. of Math. (2) 98 (1973), 551-572.

3. R. Fefferman and E. M. Stein, Singular integrals on product spaces, Adv. in Math. 45 (1982),
117-143.

4. R. Hunt, On the convergence of Fourier series, Proc. Conf. on Orthogonal Expansions and their
Continuous Analogues, Carbondale Press, Carbondale, Ill., 1968.

5. E. Prestini, Untform estimates for famidies of singular integrals and double Fourier series, J. Austral.
Math. (to appear).

6. E. M. Stein and G. Weiss, Introduction to Fourier analysis on Fuclidean spaces, Princeton Univ.
Press, Princeton, N.J., 1971.

7. E. M. Stein, Singular integrals and differentiability properties of functions, Princeton Univ. Press,
Princeton, N.J., 1970.

8. P. Sjélin, Convergence almost everywhere of certain singular integrals and multiple Fourier series, Ark.

Mat. 9 (1971), 65-90.
. C. Fefferman and E. M. Stein, Some mazimal inequalities, Amer. J. Math. 93 (1971), 107-115.

. A. Cordoba and C. Fefferman, A weighted norm inequality for singular integrals, Studia Math. 57
(1976), 97-101.

o ©

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DEGLI STUDI, VIA SALDINI 50, 20133
MILANO, ITALY




